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Introduction
Solid-state sintering has been intensively studied from the theoretical point of view (see [1] and references given there) since the classical works of Frenkel [2] , Kuczynski [3] , Mackenzie and Shuttleworth [4] , Kingery and Berg [5] , and Coble [6] appeared and proved to provide a successful approach to the understanding of this phenomenon. Models for early sintering stages most often assume particles of a spherical shape, which is usually a good approximation in many applications. However, this is not so for clay minerals like kaolinite in which particles have flat shapes resembling disks [7] .
Monteiro and Vieira [8] introduced a more realistic sintering model for clays in which all particles had a disk shape with a thickness δ that was much smaller than the radius R (see Fig. 1(a) ). Their model assumes that particles lie in horizontal layers in the close-packed arrangement in each layer as shown in Fig. 1(b) . Three sequences of layers were considered: (1) all layers have the same horizontal positions (called the AAA sequence); (2) alternating pairs of layers such that in each pair the lower layer is shifted in the horizontal direction with respect to the upper one by the shift s 1 shown in Fig. 1(b) (the ABAB sequence); (3) alternating triples of layers such that in each triple the middle and lower layers are shifted with respect to the upper one by the shifts s 1 and s 2 , respectively, shown in Fig. 1(b) (the ABCABC sequence). Pores correspond to the empty spaces that are formed between the disk particles (see Fig. 1(c) ). Realizing that sintering mechanisms in this disk model are closely related to the nanoscale thickness of particles, it turned out that a faster consolidation occurs for disk particles than for spherical particles [8] . However, rather surprisingly, it was assumed that the neck shape is flat in the horizontal direction and has a finite curvature (set equal to δ/2) only in the vertical direction.
In this paper, we wish to elaborate on the shape of the neck formed during initial stages of sintering for a disk model of clays that takes into account several aspects neglected or not considered in [8] . Namely, we consider a geometric arrangement of disk particles in which pores of various heights can occur, ranging from the nanoscale height h = δ to the microscale height chosen as h = 10δ. This enables us to compare the neck shapes in nanosized and microsized pores and find out whether there are differences between the two. Moreover, we do not assume that necks have pre-fixed shapes, but we derive equilibrium shapes by minimizing the corresponding surface free energy. To this end, we suppose a simplified geometry of the shapes that, however, allows for the main curvatures to be finite both in the vertical and horizontal directions. The curvature values are evaluated for given pore heights h and neck volumes V, considering a surface free energy density, γ s , with a weak, medium, and strong anisotropy given by a single parameter, q. It will turn out that a single parameter (chosen as the vertical curvature) is sufficient to this end, which is a simplest possible scenario.
The equilibrium neck shapes thus obtained cannot be, in general, expected to coincide with the true neck shapes developed during a sintering process. Nevertheless, they may provide quite a realistic approximation, at least in the limit of a quasistatic regime. In addition, they may describe the final neck shapes evolved after clay samples are heated to and held at a specific temperature lying within the range in which solid-state sintering occurs. Our analysis is limited to initial stages of sintering (until about a half of the total volume of a pore is closed), supposing that surface diffusion is the dominant mechanism of the sintering process [8, 9] .
Model
.We consider a model of clays in which (i) disk particles are arranged in close-packed layers shown in Fig. 1(b) and (ii) layers are placed on top of each other with no mutual shift of particles or with a shift s 1 or s 2 . Thus, first few layers may have the same horizontal position, then the next few layers may be shifted by s 1 each, then the next few layers may be shifted by s 2 each (or not shifted at all), etc. As a result, vertical cylindrical piles of particles with a varying height h are formed (in a given pile, the particles are on top of each other). Pores correspond to the spaces that lie between any three neighboring (and touching) piles (c.f. Fig. 1(c) ). We shall consider pores with heights h = δ, …, 10δ with δ = R/100. A small value of the height (say, h = δ and h = 2δ) corresponds to nanosized pores, whereas a larger value of the height (say, h = 9δ and h = 10δ) to microsized pores.
Using this disk model, we shall study the equilibrium shapes of pores during initial stages of a solid-state sintering process. It is assumed that the dominant sintering mechanism is the surface diffusion [8, 9] and that, in initial stages, three equally growing necks of negative curvature are formed in a pore (all the way from its bottom to its top), one neck in each of the three pore corners shown in Fig. 1(c) .
The geometrical shape of the necks is in general determined by the mass transport mechanisms occurring during sintering. As a rule, it is a very complex kinetic problem to calculate the shape in a realistic manner (see [10] [11] [12] [13] [14] [15] [16] , for example). Nevertheless, physically plausible results can be often obtained in a much more straightforward way if approximate shape geometry is assumed a priori, like in the classical spherical particle model [5] or in a disk model [8] . We shall adopt an analogous strategy here, assuming that the neck surface has the following simplified geometry (see Fig. 2 ): a) at a given horizontal position, λ, between 0 (the bottom of the pore) and h (the top of the pore), the neck surface is a portion (an arc) of the horizontal circle of a radius r 1 (λ) that is tangent to the pore boundary (at two points denoted as A and B in Fig. 2) ; b) the centers, C 1 , of the segments AB at various positions λ form an arc of the vertical circle with a radius r 2 ≥ h/2 and a center, C 2 , lying at λ = h/2 and at a horizontal distance ℓ ≥ r 2 from the pore corner. Thus, the neck surface is the set of points P(λ,α) = (X,Y,Z) given by two parameters λ and α as ), ( ) (
where x(λ) is the horizontal distance of C 1 from the pore corner at the height λ, α is the angle shown in Fig. 1(b Obviously, the model form (1) is rather simple to describe the neck shape in initial stages of sintering of disk clay particles with total accuracy because it does not account for several, possibly relevant factors. First, it is generally assumed that surface diffusion conserves the volumes of pores, while the model actually implies that densification is described. However, it may be well supposed that surface diffusion changes primarily the lateral dimensions (the radius R) of the disk particles rather than their height h ≤ R/10 so that the model should yield reasonable results due to the fact that the changes in the radius R >> h (and, thus, in the pore volume) might be neglected in a first approximation, especially in early stages of sintering. Second, in the neck shape (1) the dihedral angle is taken as ψ = π/2 since grain boundary diffusion is neglected [8, 9] : taking γ b ≈ 0, we have ψ = arccos(γ b /2γ s ) ≈ π/2. Finally, the neck surface (1) is not tangential to the horizontal surfaces of the particles. Although this should be the case, the associated corrections to the neck surface (1) should concern only its parts very close to the particles horizontal surfaces, where the vertical curvature should be much larger than r 2 . Since this would change the neck geometry only within a rather small portion of its surface, the corresponding correction to the neck surface is neglected here. In conclusion, in spite of the simplicity of the model shape geometry (1), the latter can be considered to be a reasonable approximation to the true neck shape and, hence, worth of a more detailed analysis.
The equilibrium shape of the model neck surface (1) is such that the surface free energy
is minimal on condition that the neck volume
is given. Here γ s (λ,α) is a generally anisotropic surface free energy density at the point P(λ,α) = (X,Y,Z) on the neck surface, the factor D(λ,α) is such that the distance of the points P(λ,α) and P(λ+dλ,α) is D(λ,α)dλ (up to the first order in dλ), and H(λ,α) is the distance of the point P(λ,α) = (X,Y,Z) and the point Q = (X',Y,Z) lying on the pore boundary as shown in Fig. 3 . Of course, during a real sintering process the shape of a forming neck does not coincide with the equilibrium shape, this can be supposed to be true only if the process is performed in a quasi-equilibrium regime. More properly, the equilibrium neck shape is formed when the temperature in a sample is increased to a fixed value within the range of initial solid-state sintering at which only a small fraction of pores is filled. Assuming such a case, let us now evaluate a minimal value of the surface free energy F for a given neck volume V. To this end, we shall consider the anisotropic surface free energy density that is often used in the study of crystal growth by surface diffusion [17] [18] [19] . The parameter q must be chosen positive in order to correspond to a surface diffusion process: then γ s is larger near the center of the neck surface than near its boundary (see Fig. 4 ), yielding a concave equilibrium surface in agreement with our physical situation.
Given h and q, both F and V can be evaluated from Eqs. (2) and (3) as soon as one knows the function x(λ); the values of all other involved quantities like α 0 , r 1 , a, and b then follow. Due to our simple choice of neck geometry, we have
Therefore, it suffices to specify ℓ and r 2 to get x(λ) and, subsequently, F and V. As a result, the minimization of F with V kept fixed means that ℓ and r 2 must depend on each other in a unique way (for a given h and q), and the equilibrium shape is given just by a single parameter, either ℓ or r 2 . We shall choose the latter one in the following considerations.
Results and discussion 3.1 Surface free energy
Since we wish to minimize the surface free energy when the neck volume is fixed, we first use Eq. (3) to evaluate the neck volume, V h , for a given pore height h and various values of ℓ and r 2 . In this way, we obtain the dependence, V h (ℓ,r 2 ), of the neck volume on ℓ and r 2 (see Fig. 5 ). Next, fixing the neck volume, V h (ℓ,r 2 ) = V, we express ℓ in dependence on r 2 , obtaining a function ℓ h,V (r 2 ). Finally, given h, q, and V, we evaluate the surface free energy F h,q,V (r 2 ) ≡ F h,q (ℓ h,V (r 2 ),r 2 ) with the help of Eq. (2) (see Fig. 6 ). We set the disk thickness δ = R/100 and consider the heights h = δ, …, 10δ and three values q = 0.3, 0.5, and 0.8. In numerical calculations, we take values of ℓ ranging from 0.52h to R and, for a given ℓ, we take r 2 ranging from 0.51h to ℓ. In fact, the minimal value of r 2 is taken as 0.51h only if ℓ ≤ R/2, whereas if ℓ > R/2, it is taken as [(ℓ -R/2) 2 + (h/2) 2 ] 1/2 . This guarantees that x(λ) never exceeds R/2, i.e., the value when the necks from the three corners of a pore begin to touch each other, initial stages of sintering are over, and a neck geometry different from Eq. (1) should be employed. The maximal neck volume (corresponding to x = R/2) is V max = [1/√3 + (8√3-17)π/18] R 2 h ≈ 0.0287 R 2 h, and we take V ranging 0.001V max to 0.97V max . The resulting dependence V h (ℓ,r 2 ) is illustrated in Fig. 5 for h = δ, while the dependence of the surface free energy F h,q,V on r 2 is illustrated in Fig. 6 for h = δ, q = 0.5, and four different values of V.
Equilibrium neck shapes
The equilibrium shape of the neck is obtained by minimizing the surface free energy F h,q,V (r 2 ) for a given h, q, and V. The value of r 2 at which F h,q,V (r 2 ) is minimal is denoted as ) , , ( α ) then readily follow. We arrive at these results. For q = 0.8 and any 0.001V max ≤ V ≤ 0.97V max , the surface free energy F h,q,V (r 2 ) has the shape of a well with a minimum at its bottom (similarly to the two upper curves in Fig. 6 ). Thus, * 2 r is finite, and it grows with h and V. Interestingly, the dependence of h r / * 2 on V is almost the same for all h. Indeed, the relative differences between the value of * 2 r for a given h and the value averaged over h are less than 5% for all considered neck volumes V, except for V = 0.001V max when it is 12.8% (see Fig. 7(a) ).
On the other hand, for q = 0.3 and all neck volumes V ≤ 0.97V max , with an exception of a very small V (when V ≤ 0.01V max for h = δ, …, 7δ and when V ≤ 0.03V max for h = 8δ, 9δ, 10δ), the surface free energy F h,q,V (r 2 ) is monotonically decreasing (similarly to the two lower curves in Fig. 6 ). Thus, it attains a minimum at ∞ = on V is almost the same for all heights h (see Fig. 7(b) ), with the relative differences being less than 10% (except for V = 0.001V max when the difference is 21.6% and for V = 0.25V max when it is 16.8%). Using these results, in Figs. 8-10 we show the obtained equilibrium shapes for a pore of height h = δ, h = 5δ, and h = 10δ, respectively, and the anisotropy parameter q = 0.8 and 0.5. (For q = 0.3 the equilibrium shapes are not depicted because they have a trivial formthey are vertically flat.) Note that equilibrium neck shapes are different as the pore height changes from the nanoscopic size h = δ to the microscopic size h = 10δ. Nevertheless, when the vertical radius * 2 r is re-scaled to the radius h r / * 2 relative to the height h, the shape differences become rather small and decrease as q (i.e., the anisotropy in the surface free energy) increases. Such a uniform behavior of equilibrium neck shapes is remarkable and does not seem to be obvious a priori. Whether the equilibrium neck surface is flat in the horizontal direction or not is primarily determined by the anisotropy parameter q. Indeed, if q is small (the surface free energy density γ s is only weakly anisotropic), then a neck surface that is flat in the horizontal direction occurs in equilibrium for our model in initial stages of sintering (when V ≤ 0.97V max ). As q grows, the anisotropy of γ s increases, and an equilibrium neck surface becomes curved in the horizontal direction, at least during initial stages of sintering. The pore height h has also an impact on this behavior. Given q and V, the values of * 2 r grow with h (see Fig. 7 ) until, eventually, a neck surface that is flat in the vertical direction occurs in equilibrium. Qualitatively, these conclusions should be expected, and the above numerical results put them on a quantitative footing.
Conclusions
We studied the equilibrium shapes of necks created during initial stages of sintering for a disk model of clays. We considered the pore heights h = δ, …, 10δ with δ = R/100, where R is the disk particle radius. Assuming a simplified but representative geometry of the neck shape, we derived the equilibrium shape by minimizing an anisotropic surface free energy, provided the neck volume was given. Due to the simple geometry of neck shapes, this minimization problem had a solution fully determined by a single neck shape parameter (taken as the horizontal radius r 2 ). The anisotropy was specified by a parameter q > 0 chosen to attain the values 0.3, 0.5, and 0.8, corresponding to a weak, medium, and strong anisotropy. We quantitatively described the dependence of the equilibrium shapes on the height h and the anisotropy parameter q, the latter having a more significant impact on the shapes. For the heights h = δ, 5δ, 10δ and q = 0.5, 0.8 the resulting equilibrium shapes were depicted.
